We present a new method for constructing D-dimensional minimally superintegrable systems based on block coordinate separation of variables. We give two new families of superintegrable systems with N (N ≤ D) singular terms of the partitioned coordinates and involving arbitrary functions. These Hamiltonians generalize the singular oscillator and Kepler systems. We derive their exact energy spectra via separation of variables. We also obtain the quadratic algebras satisfied by the integrals of motion of these models. We show how the quadratic symmetry algebras can be constructed by novel application of the gauge transformations from those of the non-partitioned cases. We demonstrate that these quadratic algebraic structures display an universal nature to the extent that their forms are independent of the functions in the singular potentials.
Introduction
A mechanical system is called "superintegrable" [1] if it possesses more independent integrals of motion than its degree of freedom. Superinegrable systems are interesting research topics in both classical and quantum theories due to their rich mathematical and physical properties. It has been shown that superintegrable models have connections to orthogonal polynomials and special funcions, such as the Askey Scheme of orthogonal polynomials, exceptional orthogonal polynomials, hypergeometric function, elliptic functions, Painlevé transcendents and higher-order analogs [1] [2] [3] [4] [5] [6] [7] . Widely known examples of superintegrable models include the harmonic oscillator and hydrogen atom in three dimensions (as well as in D dimensions). Many generalizations involving spins, magnetic fields and monopoles have also been discovered [8] [9] [10] [11] [12] [13] [14] [15] . An important property shared by superintegrable Hamiltonians is the existence of non-abelian symmetry algebras generated by their integrals of motion. In general, these symmetry algebras take the form of direct sums of higher rank Lie algebras and finitely generated polynomial algebras (which are non-linear generalizations of Lie algebras). Their structure constants can depend on central elements that can be Casimir operators of the higher rank Lie algebras.
Two-dimensional superintegrable systems and their underlying quadratic algebras were classified in [1-3, 16, 17] . Classification of three dimensional superintegrable Hamiltonians is a much more complicated problem [18] [19] [20] [21] [22] [23] [24] . To our knowledge, only for the so-called non-degenerate models a complete list of models is known and classification of semi-degenerate and degenerate is still ongoing. The related quadratic algebras remain to be systematically studied.
Few families of D-dimensional superintegrable systems have been known in literature [1] . Such higher dimensional systems are expected to provide valuable insight into properties of superintegrable systems and their algebraic structures. Limited approaches have been developed to generate D-dimensional systems. Among them are the co-algebra and tensor approaches, which allowed one to obtain models on curved spaces [25, 26] . Other approaches based on factorizations or intertwining relations [27, 28] have also been used to generate D-dimensional superintegrable Hamiltonians [29, 30] . However, the derivation of symmetry algebras of D-dimensional superintegrable systems is in general a very difficult task even with the knowledge of other underlying algebraic structures such as the factorization or intertwining relations. There are high demands for new approaches.
In [32] a direct approach was used to obtain the higher rank quadratic algebra for the D-dimensional model introduced in [31] . A chain structure of quadratic algebras was discovered in [32] and applied to derive the spectrum of the model. It was later demonstrated that such chain structures are in fact universal in the sense that they correspond to the algebras of integrals obtained by applying the co-algebra approach to the partial Casimir operators of sl(2, R) [33] .
In this paper we introduce a new method based on block coordinate separation of variables to construct Ddimensional superintegrable systems. The connection between separation of variables and second order integrals of motion has played a role in studying Laplace and Helmholtz equations [40] as well as Schrodinger equation and Hamilton-Jacobi in curved spaces [41] . It was recognized as a way to classify superintegrable systems in 2D and 3D Euclidean spaces [42] [43] [44] . This connection was also discussed in recent work [39] . The purpose of this work is to exploit blocks of coordinates and what will be referred as block separation of variables, where the D coordinates in D dimensions are partitioned into N disjoint and non-empty blocks. Our models involve arbitrary functions of angles and the integrals of motion of the models display universal quadratic algebraic structures. To our knowledge, both our approach and models in this paper are new. We will present two classes of models. One is the so-called generalized N -singular harmonic oscillators. It is known that systems having double singular harmonic terms in the potential are also interesting due to their connection to monopole systems via Hurwitz transformations [35] [36] [37] . In [38] , a family of double singular oscillators was introduced and its quadratic algebra structure was obtained and used to derive the spectrum of the model. Another class of models we will introduce are referred to as generalized N -singular Kepler systems that generalize models in [31, 34] . We will present new families of superintegrable systems that involve arbitrary functions and include models in [31, 34] as special cases. All the models presented in this paper possess second and first order integrals of motion and are minimally superintegrable. Such systems have been much less studied in the literature than maximally superintegrable ones.
This work is organized as follows. In section 2, we introduce the generalized N singular harmonic oscillators and obtain their energy spectrum and quadratic algebraic structure. In section 3, we introduce the generalized N singular Kepler systems and present their energy spectrum and derive their quadratic algebra structure, generalizing the results of our recent work [34] . At the end of this section we correct an error appeared in one of the quadratic algebra relations of [34] . We show how the symmetry algebras can be obtained from the models without partition of coordinates by identifying appropriate partial Casimir operators and gauge transformations. In section 4 we draw the conclusions of this work. 
and hereafter let
Assuming the partition is non-trivial, we always have d i ≥ 1 and N ≥ 2. Now we propose the following family of quantum systemŝ
where
} which is the set of angles from the spherical coordinates of individual block B i , i.e.,
Introducing the notation
then (3) can be expressed in the more compact form
Note that in terms of r i , we have r =
. The eigenvalue problemĤΨ = EΨ under coordinate system (4) can be written as
and
In terms of λ i 's, one can quote the result of Calogero three-body problem [45] to get the formula for spectrum E E = 2ω
From (8), it can be seen that the λ i is determined by f i (Ω i ). Assuming each f i (Ω i ) is of the form
where F i j 's and G i j 's are functions. Then equation (8) is completely separable, i.e.
We now present two interesting special cases.
Model 1:
This system is a generalization of the double singular harmonic oscillator considered in [38] . For this model, the solution to (8) is the spherical harmonics in d i -dimensional space, with the corresponding eigenvalue λ i given by
The radial part R(r 1 , · · · , r N ) is given by
is the Laguerre polynomial.
Model 2:
We set
Through some calculations, we obtain [46]
is the X 1 exceptional Jacobi polynomial [47] and
The corresponding eigenvalue α 1 1 is given by
The complete eigenfunction and eigenvalue to operator −L (8) is
where P (ca−1,−1/2) Ja is the Jacobi polynomial.
Integrals of motion and quadratic algebra structure
Assuming each f i (Ω i ) has the structure given by (12) . We find the following integrals of motion associated with each block B iĤ
It can be seen that N i=1Ĥ i =Ĥ. The second set of integrals of motion is given bŷ
It should be understood thatĜ
The integrals (25) and (27) define D + N − 1 integrals of motion. When N = 2 and f i (Ω i ) are real constants, they reduce to the D + 1 integrals obtained in [38] . The above integrals satisfy
Moreover we can show that for given l,Ẑ l ,Ĥ l satisfy the following quadratic algebra relations:
The derivation is based on the proposition, Proposition 2.1 Consider the following operators H, H 1 , H 2 , Z:
where g 1 , g 2 are real parameters. Then it can be shown by direct computation that these operators satisfy the quadratic algebraic relations,
Now for fixed l,
where W , D l−1 and r ′ are given by
Similarly we also find
Comparing (34), (36) and (37) with the operators H, Z and H 2 given in proposition (2.1), we see that becausê Z l−1 andT l mutually commute and moreover commute with any differential operators and functions of r ′ and r l , they may be identified with the constants g 1 and g 2 , respectively. Therefore, the operators in (34), (36) and (37) should satisfy the same relations as those given in proposition (2.1) for H, Z and H 2 , with g 1 , g 2 replaced byẐ l−1 andT l , respectively. This leads to the quadratic algebra (31).
Generalized N singular Kepler system
In this section, we introduce a family of superinetgrable systems involving Coulomb and N singular inverse square potentials. These systems can be regarded as extensions of those presented in [34] .
The model hamiltonian and energy spectrum
Consider the same partition as that given in (1). We propose the generalized N singular Kepler system hamiltonian,Ĥ
where g i (Ω i ) are functions of the sets of angles Ω i = {φ
. In terms of the notation introduced in the previous section, the above hamiltonian can be written aŝ
This hamiltonian reduces to that proposed in [34] when g i (Ω i ) = α i = real constants. By means of the spherical coordinates (4) in each block, the eigenvalue problemĤ coul Ψ = EΨ can be written as
where L 2 i is given by (9) , and
In the following, we will assume g i (Ω i ) has the same structure as in (12)
given by (12) . Then equation (41) is completely separable, i.e.,
where h i j (φ i j ) satisfy differential equations similar to those in (14) . In terms of λ i 's, using the result in [34] , the eigenvalue ofĤ coul is given by
The radial wave function R(r 1 , · · · , r N ) is
where F (r) can be written in terms of the Laguerre polynomial L
with θ i being angles in the spherical coordinates of r 1 , · · · , r N :
We now present two special cases.
Model 1:
Let g i (Ω) = α i = constant, i = 1, 2, · · · , N − 1. We then recover the system proposed in [34] ,
which in turn reduces to the model studied in [31] when N = D.
Model 2:
Assuming F 1 1 has the same form as in (18) and
(Ω N −1 ) = 0, then we obtain
) is given by (18) . The solution to the angular part is again given by the X 1 exceptional Jacobi polynomial as follows
is the Jacobi polynomial and h
Integrals of motion and quadratic algebraic structure
Assuming each g i (Ω i ), i = 1, 2, · · · , N − 1, has the structure given by (12) . The integrals of motion are given byT
The operatorsX i 's are obtained by using the proposition 2.1 in [34] . We also have the following integrals of motionŜ
Notice thatĴ
These integrals satisfy
In what follows, we present the quadratic algebra relations among the integrals. We define the numbers
X D andẐ N =Ŷ 1 satisfy following commutation relations
Notice that for permutation operator σ jD interchanging indices j, D, where
Applying σ jD on both sides of (64), we have
jD is another integral of motion and is explicitly given by
By computations similar to those presented in [34] , we can obtain the quadratic commutation relations for
ForŜ p andĴ p , we have 
Conclusion
In this work, we have developed an approach based on block coordinate separation of variables and applied it to construct D-dimensional quantum superintegrable Hamiltonians and their higher rank quadratic algebras. These models involve arbitrary functions which correspond to separated equations related to Jacobi polynomials or even exceptional orthogonal polynomials. Previously most of the works were based on co-algebra or tensor product approaches, and our new approach can be greatly useful to the understanding of D-dimensional superintegrable systems. Another main result of this paper is the construction of universal quadratic algebras for these models with arbitrary functions. We have presented two new families of superintegrable systems with partition of coordinates, generalizing the ones studied in [34] and [38] . By using the separation of variables realized by blocked spherical coordinates, both systems can be transformed to familiar forms but parametrized by operators which are central elements.
These central elements can be regarded as constants, since they are mutually commute and commute with other differential operators in radial variables. This point is crucial, because it allows us to take advantage of some known results to obtain the quadratic algebras structures of the new superintegrable systems with partitioned coordinates.
As the double singular oscillator Hailtonians (i.e the N = 2 special cases of our models) are related via the Hurwitz transformation to systems involving monopoles [38] , it would be interesting to find out whether or not the N -singular models presented in this paper are dual to any kind of generalized monopole systems. This question is under investigation and results will be published elsewhere.
